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SUMMARY 
An experimental study was performed in order to determine the mean 
flow characteristics in a pipe during flow establishment. The smooth^ 
straight, circular pipe was horizontally aligned. The upstream extremity 
of this pipe was a well-rounded inlet which was located in a large 
reservoir. The downstream extremity of this pipe was unobstructed so 
that a liquid jet was formed in the atmosphere downstream from the pipe 
outlet. Velocity-time data were obtained from a motion picture record 
of the jet. Pressure-time data were obtained at selected points along 
the pipe. These data were recorded by sending the output signals of 
pressure transducers through an oscillograph. 
The experiments were performed with a systematic variation of the 
independent dimensionless variables. These independent dimensionless 
variables were pipe length to pipe diameter ratio L/D and an inertial 
reaction to viscous shear force ratio gh D /LI? 9 h Q is the piezometric 
head in the reservoir and i? is the kinematic viscosity of the fluid. 
The value of L/D was established at 95* 190, 285, 3805 and 1*75. The 
value of ghB3/LV2 was established at 6(106), 12(106)5 18(106), 2k(l06)9 
and 30(10̂ ). Thus the total number of experimental runs was twenty-five. 
In this study only the boundary shear characteristics of unsteady 
flow are investigated. Prior to release of the downstream valve, the 
fluid is at rest within the pipe. For a short time interval following 
the valve opening, the flow is laminar throughout the pipe. At a later 
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time, the flow becomes unstable, which results in the formation of a spot 
or region of turbulence. Still later, more turbulence spots are formed 
and these regions of turbulence are enlarged until the flow is turbulent 
throughout the entire length of the pipe. The objectives of the study 
are (l) to determine empirically the boundary shear forces in both 
laminar and turbulent unsteady flow, utilizing experimental velocity 
and pressure dataj and (2) to compare the results with steady-flow 
relationships• 
Supplementary analysis was required in order to determine the 
mean velocity in the pipe from the motion picture record of the jet. As 
the result of the action of shear forces, the velocity distribution is 
non-uniform. Consequently the jet issuing from the pipe outlet had 
greater linear momentum than if the velocity distribution were uniform. 
Thus the problem was to determine the non-uniformity of the velocity 
distribution in order to relate the observed velocity to the mean 
velocity. During the laminar flow, a solution of the Navier-Stokes 
equations was utilized in which the experimentally determined piezo-
metric head-time data were introduced. Since the analytical solution 
does not cover the complete temporal range of laminar flow, an empirical 
method based upon observed velocity data was utilized to extrapolate 
the analytical solution. For turbulent flow, the velocity was assumed 
to have a distribution based upon the seventh-root law of velocity 
distribution. 
Unsteady laminar and turbulent boundary shear, as reflected in 
the value of the Darcy-Weisbach resistance coefficient f may be 
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empirically determined by utilization of the corrected experimental data 
and the one-dimensional equation of motion. All empirical values are 
compared with steady-flow relations by utilization of a ratio of ^ s^ e a (jy 
and f , , thus eliminating the Reynolds number from consideration, unsteady 
In addition^ an analytical analysis of laminar shear was utilized for 
comparison with experimental data. 
Unsteady shear results are presented in graphical and tabular 
form. 
Significant results obtained from the study ares (l) The one-
dimensional solution of the Navier-Stokes equations is an excellent in­
vestigative approach for determining the flow characteristics of un­
steady laminar flow in a pipe. (2) A single parameter representation 
of velocity profile characteristics is inadequate for singular correla­
tion of laminar shear for all flow conditions. Thus there is no unique 
velocity profile relation for unsteady laminar flow. Laminar shear at 
any stage of flow development is dependent upon initial conditions and 
intervening flow conditions. (3) The experimental turbulent shear data 
are indicative of a qualitative effect of unsteadiness on turbulent 
shear. An increase in f is observed with fluid deceleration and a 
corresponding decrease is observed with fluid acceleration. 
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UNSTEADY FLOW IN A SMOOTH PIPE AFTER 
INSTANTANEOUS OPENING OF A DOWNSTREAM VALVE 
Part III. Mean Flew Characteristics—Pressure and Boundary Shear 
INTRODUCTION 
A study of the mechanics of flow establishment in a pipe was per­
formed in the Hydraulics Laboratory, School of Civil Engineering, Georgia 
Institute of Technology. The experiments were performed with a smooth, 
straight, circular pipe which was horizontally aligned. The upstream 
extremity of the pipe was a well-rounded inlet which was located in a 
large reservoir. The downstream extremity of the pipe was unobstructed 
so that a liquid jet was formed in the atmosphere downstream from the 
pipe. The flow was established by rapid (effectively instantaneous) 
release of a disk valve placed against the square-edged downstream end 
of the pipe. Velocity-time data were obtained from a motion—picture 
record of the jet. Pressure-time data were obtained at selected sta­
tions along the pipe. These data were recorded as an oscillograph 
record of the output signals of pressure transducers. 
The experiments were performed with a systematic variation of the 





L ' D ' L1)2 
The letter symbols are defined as follows? 
D - inside diameter of pipe; 
g - acceleration of gravity; 
h - piezometric head in the pipe; 
h o - piezometric head in the reservoir; 
L - length of pipe; 
V - kinematic viscosity of the fluid; 
-p - time since valve opening; and, 
V - mean velocity in the pipe. 
Results obtained from ten experimental runs (Runs 20-29, inclusive) are 
reported in this paper. The value of L/D was 380.3 in Runs 20-2U and 
was U75.3 in Runs 25-29. The other externally controlled variable 
g h o D 3 A ^ 2 was established at values of 6(106), 12(106), 18(106), 2U(106), 
and 30(106). 
In this study only the boundary shear characteristics of unsteady 
flow are investigated. Prior to release of the downstream valve, the 
fluid is at rest within the pipe. For a short time interval following 
the valve opening, the flow is laminar throughout the pipe. At a later 
time, the flow becomes unstable, which results in the formation of a 
spot or region of turbulence. Still later, more turbulence spots are 
formed and these regions of turbulence are enlarged until the flow is 
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turbulent throughout the entire length of the pipe. The detailed ob­
jectives of this study are (l) to determine empirically the boundary 
shear forces in both laminar and turbulent unsteady flow, utilizing 
experimental velocity and pressure data; and (2) to compare the results 
•with steady-flow relationships* 
EXPERIMENTAL EQUIPMENT AND TECHNIQUE 
Figure 1 is a schematic drawing of the equipment. The descrip­
tion of the equipment components is presented from the upstream section 
to the downstream. 
The reservoir was a sealed cylindrical steel tank with a diameter 
of 1|2 inches. The air pressure in the reservoir above the water was con­
trolled to any desired level by means of an air overflow line. The air 
overflow was allowed to bubble into the bottom of a standpipe. Thus by 
controlling the water level in the standpipe, the air pressure in the 
reservoir could be maintained so as to obtain the desired magnitude of 
the reservoir piezometric head h Q . No make-up water was added to the 
reservoir during a run and no run was made without allowing the reservoir 
to be quiescent for at least four hours. Since the tank cross section 
was large and the volume of air above the water was large, the piezo­
metric head change was negligible during the short time required for a 
run. With this arrangement, the value of gh QD /Ll? was determined 
within an estimated accuracy of -t 0.1$ and the magnitude was controlled 
within ±1.0$ of the desired value. 
The pipe leading from the reservoir consisted of coupled sections 
of extra-heavy smooth brass pipe. In order to easily and systematically 
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vary the pipe length, five sections approximately 95 diameters in length 
•were machined and fitted to insure smooth junctures and proper alignment 
•when forced into the machined-brass sleeve couplings* An adjustable 
mount on each pipe section allowed the pipe to be aligned along a 
straight horizontal axis. 
The extruded brass pipe proved to be extremely uniform in diameter. 
Micrometer measurements -were taken on orthogonal diameters at each end 
section. The mean diameter of these twenty measurements was 0.5UU inch 
with all readings being within i 0,001 inch of this value. The average 
diameter of each pipe section was also checked by weighing the volume 
of water that could be placed in each section. 
The rounded pipe inlet was located in the reservoir. The inlet 
piece was attached to the first pipe section by a slip-fit of close 
tolerance similar to the sleeve coupling. The machined brass inlet 
piece was made with a radius of rounding equal to 1,13 pipe diameters, 
A band of sand roughness approximately l/8-inch wide was cemented to the 
inlet piece slightly upstream from the tangent point of the inlet round­
ness. The sand gradation used was that which passed the No. 100 screen 
but which was retained on the No. 200 screen. 
Wall piezometer holes were placed 1/2-inch from the downstream 
end of each pipe section. Four piezometer openings were drilled on 
orthogonal diameters with a No. U5 drill. The holes were rigidly in­
spected and any burrs caused by drilling were carefully removed. The 
four piezometer openings were connected by a piezometer ring which was 
machined in the pipe sleeve coupling. 
Pressure-time measurements were obtained by means of pressure 
transducers, the signal of which was electrically amplified and recorded. 
These differential pressure transducers were mounted on a transducer 
collar so that the water passage from the pressure transducer to the 
piezometer ring was large in cross section and short in length. The 
pressure transducers were the unbonded-resistance-wire type. The trans­
ducer impulses were amplified and recorded on an oscillograph. The 
oscillograph contained an independent timing mechanism so that the oscil­
lograph record consisted of the time record as well as the output record 
of the two pressure transducers. Due to the cost of the transducers and 
the recording equipment, only two transducers with a two-channel recorder 
were utilized. Runs with four and five pipe sections (Runs 20-29, inclu­
sive), were duplicated in order to obtain pressure-time records at all 
piezometer stations. 
In order to simplify the boundary conditions associated with the 
flow establishment, a downstream valve was visualized which could be 
instantaneously opened and which in the opening process would not in­
fluence the resulting fluid motion. The physical requirements of such 
a valve are (a) in a negligible time after valve release the pressure at 
the pipe outlet must drop from the reservoir piezometric pressure to 
atmospheric pressure, and (b) the valve body must be moved in the same 
direction and with a faster motion than the fluid particles issuing from 
the pipe outlet. The type of valve selected was a flat disk; which was 
positioned flush against the downstream end of the pipe. The force of a 
stressed tension spring was utilized to rapidly remove the valve disk 
away from the onconiing fluid. 
6 
Velocity determinations were made from individual frames of a 
35 mm motion picture camera record of the jet. The camera was positioned 
on a line which was perpendicular to the vertical plane of the jet. The 
exposure time for each frame was 0.0015 second. The camera was run at a 
speed of approximately 36 frames per second. Rear lighting was used in 
order to eliminate jet shadow. 
A single unit frame was constructed as a mounting base for the rear-
light source, a time clock, and coordinate grid scales. A distinct rear-
lighted clock image was recorded in each motion picture frame from which 
time could be determined to the nearest 0.001 second. A horizontal and 
a vertical grid scale were also photographed. These scales were posi­
tioned in the plane of the jet to avoid parallax. 
TRANSFORMATION OF DATA INTO A FORM SUITABLE FOR ANALYSIS 
With this experimental equipment, the time dependent data was avail­
able in the form of a 35 mm motion picture film strip of the jet and the 
oscillograph records from the pressure transducer circuit. The reduction 
of the pressure data into a useable from was straight forward. The reduc­
tion of the film strip data into a useable form was complex. In order to 
explain the process of data transformation, the data of Run 29 is used 
throughout the following description. For Run 29 all five pipe sections 
were utilized, that is, the value of L/D was U75« The other independent 
variable ghJ^/VO2 was established at the value 30(10̂ ). 
Pressure transducer data 0—In each run the pressure data as recorded by 
the oscillograph was replotted in the form of dimensionless piezometric 
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head ratio h/h Q as a function of dimensionless time tygh^/L. Since 
there was a linear relationship between the deflection of the writing 
stylus and the piezometric head change, values of h/h Q were determined 
from scaled-distance ratios. The value of time t was measured from the 
instant of valve opening. The very rapid change in piezometric head h 
from the initial value h 0 at the instant the valve was opened could be 
easily discerned on the oscillograph record. Time was measured from 
this point on the record by the pips of the independent timing stylus. 
Figure 2 is a plot of h/h Q as a function of t /gb^/L for Run 29. The 
position of measurement is given by the dimensionless distance from the 
inlet x/D. Runs 29 and 29a were duplicate runs in order to obtain pres­
sure measurements at four stations with the two pressure transducers. 
The pressure at the outlet, x/D a hl%9 is zero for t > 0. 
Film strip data.—Six frames of the film strip of Run 29 are shown on 
Fig. 3. 
Two assumptions were employed to determine fluid velocity from the 
photographically recorded jet. First, air resistance was considered 
negligible. Second, the jet was considered to be a succession of fluid 
masses comprised of individual fluid particles each having the velocity 
characteristics of this larger group. If the velocity characteristics 
of the individual particles of a fluid mass are identical, the motion 
can be completely described by the motion of the mass center of that 
fluid mass• 
Utilizing the two preceding assumptions, a jet discharging freely 
into the atmosphere is acted upon by the acceleration of gravity alone. 
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The horizontal component of the velocity is constant throughout the free 
fall. Since the pipe is horizontal, this constant horizontal component 
is the velocity of the fluid mass as that fluid mass passed the outlet. 
The free fall equations are 
and 
v » x /t 
in which t' is the elapsed time since the fluid mass passed the pipe out-
t t 
letjX and y are the coordinates of the fluid mass measured from the 
centerline of the pipe outlet, and V 1 is designated as the observed ve­
locity. The time recorded on the clock in each film strip frame is 
designated as T for which the zero value is the valve opening time. 
Hence the time interval t between the time of valve opening and the time 
that the fluid mass passed the outlet is t = T - t'. Thus by observing 
the x' and y' coordinates and the clock times from the frames of the 
film strip, the values V 1 and t can be computed. On Fig, 1+ the dimen­
sionless observed velocity V*'/ ^ 2ghQ' is plotted as a function of 
t s/WJU 
The magnitude of the error involved in assuming negligible air 
resistance can be determined by observing the same fluid mass on succes­
sive film strip frames. The V 1 - t relationships determined from x* and 
T values with the value of y' of -0.5 ft and -2.50 ft were identical, 
indicating negligible air resistance. 
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The correctness of the assumption that the jet can be visualized 
as a series of individual fluid masses is confirmed by the appearance of 
the jet (Fig. 3 ) . In all the photographs, slugs of fluid appear to be 
forming in the jet. A logical explanation of why the jet can be con­
sidered to be a series of fluid masses is as follows. During the time 
the fluid is in the pipe, the external force of boundary shear acts on 
the fluid at the junction of the fluid and pipe wall. This boundary 
shear force results in a system of internal shear forces within the 
fluid and results in a radial variation of linear momentum with the 
fluid particles close to the wall having a momentum deficiency. As the 
fluid issues from the pipe into the atmosphere, the external boundary 
shear force is decreased to zero. However the internal shear forces 
are reduced to zero only if the linear momentum is constant in a cross 
section. The internal shear forces persist until the jet has constant 
linear momentum in the cross section. Thus the internal shear forces 
are the implement for effecting the radial transfer of linear momentum,. 
The result of this process is a jet cross section having uniform linear 
momentum which is, of course, the assumption utilized in determining the 
observed velocity V*. 
However the observed velocity V is not the mean velocity V of 
the pipe flow. Because of the boundary shear force between the fluid 
and the pipe wall the velocity distribution is not uniform within the 
pipe. Thus the fluid upon leaving the pipe has a greater linear momentum 
than if the velocity of all particles were equal to the mean velocity V. 
Since the linear momentum is constant in a fluid mass after this fluid 
mass leaves the pipe, the fluid mass attains a velocity V* which is 
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greater than V. The two velocities are related by the relationship V -
v' /CL in which C is the momentum correction coefficient, C is a func-' m m m 
tion only of velocity distribution and is defined by the relationship 
C m = (1/A) 
r (v / v ) 2 dA in which v is the point velocity and A is the 
'A 
cross sectional area of the pipe. Therefore in order to quantitatively 
utilize the data of Fig, h in a study of pipe flow, the velocity distri­
bution had to be determined as a function of time. 
The velocity distribution or specifically the value of C m in un­
steady laminar flow was determined by a combination of theoretical analy­
sis and empirical results. 
A solution of the Navier-Stokes equations was obtained in which 
the experimentally determined piezometric head-time data were introduced. 
If the pipe flow is one-dimensional, that is, the total velocity is axial, 
two of Navier-Stokes equations are indicative that (a) the piezometric 
head is constant in a fluid cross section which is normal to the flow 
and (b) the axial piezometric pressure gradient bp^/^x I s only a function 
of time. The remaining equation is 
dv 2 
b v 1 bv 
b r 2 r 
in which v is the point velocity and ^ is the mass density. The boundary 
conditions are that the velocity v is zero at the boundary and that the veloc­
ity gradient bv/ br is zero at the pipe centerline. The initial condi­
tion is that the velocity v is zero when time t is zero. 
The analogous equation with analogous boundary and initial condi­
tions has been solved for temperature distribution in a cylindrical 
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rod"*". The solution for the pipe flow problem is 
-2?_ a n -Or 
J o K ^ ) e " ^ | g(r)e r°2 dr (2) 
V = T Z__ K 
The various terms are as follows: J and J.. are Bessel functions of the 
o 1 
first kind of orders zero and one, respectively; the positive numbers a^ 
are the zero roots of r is the value of the radius r at the pipe 
o o 
wall; is the dimensionless radial coordinate T / T Q > ^ i s a dummy 
variable of integration; g ( T ) is - bp /bx; and oc is Vt/rQ • 
In order to apply Eq. (2) in the analysis of the experimental 
results, the existence and location of a one-dimensional laminar flow 
region must be determined and, then, the time variation of the piezo­
metric pressure gradient bp*/bx in this region must be determined from 
the pressure-time data of Fig, 2. 
A physical interpretation of the pressure-time data (Fig, 2) is 
requisite to locating a laminar flow region. Since the fluid starts from 
rest, the flow is laminar in the entire pipe during the initial period 
after the downstream valve is opened. The first external indication that 
this flow regime has changed is the sharp pressure rises at the piezo­
meters. For example, as shown on Fig, 2, the first of these sharp 
pressure rises occurred at the location x/D of 189 at the time t/gh^/L 
of 0.616o The interpretation of these pressure rises is that an interface 
^rtFourier Transforms,w by Ian N. Sneddon, McGraw-Hill Book Co., 
Inc., New York, N. Y., 1951, p. 202. 
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between laminar flow and turbulent flow is passing the piezometer at that 
time. The reason for the rapid change is that the mean kinetic energy 
of the cross section is greater in the laminar flow than in the turbulent 
flow even though the mean velocity 7 is identical on both sides of the 
interface. The difference in these kinetic energies is due to the more 
uniform velocity distribution of turbulent flow. Thus at x/D of 189 the 
flow was laminar prior to tygh0/L of 0.6l6 and was turbulent during the 
remainder of the run. 
Comparing Figs. 2 and 1±, the time coincidence of the rapid pres­
sure drops and the rapid drop in the observed velocity V* is apparent. 
Both occurrences are a manifestation that the laminar-turbulent interface 
is passing the pipe outlet at x/D of hl5» Prior to t/ghQ/L of 1.38 the 
flow is laminar at the outlet. During this time a laminar-turbulent 
interface is moving toward the outlet. The flow is turbulent upstream 
from the interface. As explained in the preceding paragraph, the piezo­
metric head is higher in the turbulent flow immediately behind the inter­
face than in the laminar flow immediately preceding the interface. The 
outlet of the pipe is a station of fixed piezometric head level since the 
liquid jet is projected into the atmosphere. Thus as the laminar-tur­
bulent interface passes the outlet, the piezometric head line is rapidly 
lowered just upstream from the outlet. The effect is a pivoting of the 
piezometric head line. This rapid pivoting of the piezometric head line 
results in a piezometric head drop at every measuring station. The 
magnitude of this drop is directly proportional to the distance from the 
inlet. This effect is clearly illustrated in Fig. 2 at the time t y/gtP/L 
of 1.38. 
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With this preliminary' knowledge concerning the movement of tur­
bulence, regions can be definitely located in which the flow is laminar. 
For example, on Fig, 2 between the time t y/gh0/L of 0,715 and 1.06 the 
flow is laminar between the x/D stations 379 and kl59 and prior to 
t g h Q / L of 0,715 the flow is laminar between the x/D stations of 281i 
and U75. 
The piezometric head lines are indicative that the laminar flow 
regions are one-dimensional. At constant values of time ty/ghQ'/L the 
measured values of piezometric head were plotted as a function of x/D, 
In addition to the data obtained from the pressure transducers, the con­
stant zero piezometric head at the outlet was utilized. Since the piezo­
metric head lines were straight at a given time in this laminar flow 
region, the conclusion was that the region was also a one-dimensional 
flow region as visualized in the derivation of Eq, (2), A contributing 
factor in the existence of this one-dimensional downstream laminar flow 
region is the presence of upstream turbulent flow regions, since an up­
stream turbulent flow region has the effect of isolating the inlet. Thus 
the downstream laminar flow region is similar to flow in an infinitely 
long pipe since the boundary-layer thickness, piezometric head gradient, 
and developing velocity profile are functions only of time. 
The slopes of these piezometric head lines were determined and 
plotted. These slope values are shown as points on Fig, 5 for the run 
being discussed. In order to incorporate this experimental data into 
Eq« (2), an analytic function for g(7") must be selected that approxi­
mates the empirical results, A very simple function was selected, that 
is, "bp^/^x is proportional to cos (IT t / 2 t * ) in which t* J gh^L is 
1U 
empirically defined as shown on Fig. 5. The value of t* >J gh Q/L is 
dependent upon the experimental parameters as well as the time and 
position of turbulence inception. The function for g(T) was introduced 
into Eq. (2) and the integration performed. The resulting expression for 




J (a 0) 
o n 
H T I 
COS TT t TT sin TT t 
"2 ? + 2 a * * * 
-a^oc" (t/t*) 
- e 
-a 2 cC*(t / t*) ( 3 ) 
n COS TT 
2 1 * 2a 2oo* 
- e 
n 
1 + TT 
o 2 * 2 a noc 
All terms of Eq. (3) have been previously defined except ocf which is 
o 
Values of v/V were computed in systematic steps so that by inter­
polation of the computed results, these results could be applied to all 
experimental runs. The first nine zero-roots of the Bessel function were 
used in the numerical computations• The range of the other variables were 
as follows: 0 < £ < 1, 0.01 < oC* < 0.0£, and 0,2 < t/t* < 1.0. Val­
ues of the linear momentum correction coefficient C m were then computed 
using numerical graphical methods. Hence to determine the temporal varia-
tion of C m for any experiments run only the value of t ^/gh^/L was required, 
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The analytical solution does not cover the complete temporal range 
of laminar flow. An empirical method was utilized in order to extrapolate 
the analytical solution. The method used is based upon observed velocity 
data. At the time of transition from laminar flow to turbulent flow at 
the pipe outlet, there is a sharp discontinuity in observed velocity, as 
shown in Fig. lu However there can be no discontinuity in the true mean 
velocity. Thus the observed discontinuity must be due to the difference 
in G of the laminar flow and turbulent flow. Hence at the time of m 
transition 
( c j , . „ - 1.02 — 0 l a m n a r 
a lamnar (vV/^turbulent 
since (G ). .is equal to 1.02. The value of C of 1.02 for tur-nrturbulent m 
bulent flow is based upon the seventh-root law of velocity distribution. 
The temporal variation of C m and the corresponding corrected 
velocity-time curves for Runs 20-29 are shown in Figs. 6-15. 
BOUNDARY SHEAR INVESTIGATION 
The experimental data, corrected and interpreted as described in 
the preceding paragraphs, presents an avenue of investigation into the 
little-known realm of unsteady shear forces. 
One-dimensional equation of motion.—The complete one-dimensional differ­
ential equation of motion is necessary to determine boundary shear forces 
from experimentally determined values of pressure and velocity. The 
fluid element utilized in the derivation is, as shown in Fig. 16, a cross 
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sectional element of the fluid in the pipe -which is dx in length. The 
external forces on the fluid element in the x direction are the resultant 
pressure force on the end areas and the boundary shear force. The momen­
tum equation for this element is 
The first term on the right side of Eq. (U) is the difference of momentum 
flux through the end areas of the fluid element. Utilizing the one-di­
mensional method, 
.A 
A -i - X j (p vdQ \ £>vd¥ 
D 2u (5) 
The second term on the ri$it side of Eq. (U) is the time rate of change 
of linear momentum of the particles on the interior of the element. The 
symbol ¥ is used to represent volume. 
d¥ m dA dx 
The end areas of the element are chosen so that dx is a constant for 
every dA. Thus 
r , A ^ vdA (6) 
Since, 
Q - VA 
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and since Q is a function of time alone 
jb£ D TT dV 
fct " T H " dt 
(7) 
Introducing Eqs. (5), ( 6 ) , and (7) into Eq. (Ii) and dividing by the ele­
mental volume, the desired differential equation is 
Eq. (8) may be further reduced. There is no axial variation (a 
short distance downstream from the inlet) of the velocity distribution 
in turbulent flow; also the corrected experimental data in laminar flow 
Several parameters may be used to describe the boundary shear. 
The Darcy-^Teisbach resistance coefficient, f, is commonly used in con­
duit flow. Since the steady flow relationships of f are well established 
and in common use, this parameter is used throughout the following analy­
sis. In turbulent flow f is an adequate parameter since the shear varies 
2 
with v* # In laminar flow a better parameter might be desired due to 
different shear processes, because in laminar flow the shear varies with 
V. However no attempt was made to revert from the conventional f. Since, 
by definition 
(8) 





^>x 2D dt 
Converting to dimensionless form 
" ^(x/D) " L d C t / g O t ) , ^ 
f = j - ^ — — - - (12) 
Method of investigation.—The boundary shear, as reflected in the value 
of f, may be determined at any time by utilizing the experimental data 
in the form as described in the preceding section, and the one-dimen­
sional equation of motion, Eq. (12). For purposes of illustrating the 
method of investigation the data of Run 29 are utilized. 
Fig. 17 represents in dimensionless form the temporal variation 
of the piezometric head gradient. Both the turbulent and laminar gradients 
are shown on the one plot. On Fig. 17 it can be seen that both types of 
flow may exist in the pipe simultaneously. 
Fig. 6 depicts the variation of the corrected dimensionless mean 
velocity. The dimensionless acceleration as shown in Fig. 18 was ob­
tained by graphical means from Fig. 6. 
Values of the above three variables may be read from the corres­
ponding plots at simultaneous times and f computed by Eq. (12). The value 
^( h/h 0) 
of - ^ (x/D) used- depends upon whether laminar or turbulent shear is 
being investigated. 
Tabulated results for Runs 20-29 appear in the Appendix. 
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Interpretation of results.—Dimensionless boundary shear, f, in smooth 
pipes with steady flow is a function of only the Reynolds number. The 
existence of other independent variables is likely with unsteady flow. 
Parameters of unsteadiness may have a direct or indirect influence upon 
f. 
The shear processes differ in laminar and turbulent flow. 
Boundary shear in laminar flow depends solely upon the velocity 
distribution and fluid viscosity as represented by 
T o = ^ dr (13) 
r s r 
Hence any effects of unsteadiness must be embodied in the instantaneous 
velocity profile. Eq. (13) may be expressed in terms of f, 
f = — 
8D dv 
V dr 
r a r 
Thus in laminar flow 
f s <p ( R, velocity profile characteristics) (15) 
The Reynolds number B may be eliminated from consideration by using 
a ratio of unsteady shear f and steady shear f g, that is, f g/f • Thus all 
laminar unsteady shear values are compared with the Hagen-Poiseuille 
equation for fully developed laminar flow, 
f = (16) 
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E l i m i n a t i o n of R reduces the shea r a n a l y s i s t o 
f 
~ - ( J ) ( v e l o c i t y p r o f i l e c h a r a c t e r i s t i c s ) (17) 
The v e l o c i t y p r o f i l e c h a r a c t e r i s t i c s a r e d i f f i c u l t t o express i n 
parameter form, s i nce t h e developing v e l o c i t y d i s t r i b u t i o n a t any t ime 
i s dependent upon i n i t i a l c o n d i t i o n s and the i n t e r v e n i n g flow c o n d i t i o n s , 
t h a t i s , h i s t o r y of t he f low. I f one may assume t h a t a t any s t a g e of 
development t h e v e l o c i t y p r o f i l e s a r e r e l a t e d r e g a r d l e s s of the flow 
h i s t o r y , then a s i n g l e parameter such as the dimensionless displacement 
boundary- layer t h i c k n e s s , 6 / r Q , may be u t i l i z e d t o d e s c r i b e v e l o c i t y 
p r o f i l e c h a r a c t e r i s t i c s . The d isp lacement boundary l a y e r t h i c k n e s s i n 
p ipe flow i s def ined i n t h e exp res s ion 
Q = v 2 TT r d r - v ( r - 6*) TT (18) JQ c o 
where v i s t h e core cr c e n t e r l i n e v e l o c i t y . Thus based upon t h e above 
assumpt ion, 
f, 
f - ' x ~ ' "o 
S = 4> ( 6*/r J (19) 
Laminar shea r d a t a are shown i n F i g . 19 i n t h i s form. 
An a n a l y s i s of shea r from t h e s o l u t i o n p re sen ted i n Eq, (3) was 
u t i l i z e d f o r comparison w i t h expe r imen ta l d a t a , F i g . 19 , and t o e v a l u a t e 
the soundness of the p reced ing assumpt ion . By d i f f e r e n t i a t i o n of Eq. (3) 
and by subsequent a l g e b r a i c o p e r a t i o n t h e fo l lowing expres s ion i s ob ta ined 
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CO 
n a 1 
-a oc t/t n 
cos tt t 
2 + * * 2 
n 
COS TT t 
2 t* ' 2a 2 o£ 
n 
TT 
2a oo \2a 
\ 1 1 
for shear resulting from the approximated cosine variation of the piezc— 
metric head gradient. Values of and were computed for cc of 
f 
0 , 0 1 , 0 . 0 2 , 0 . 0 3 , 0.0U, and 0 . 0 5 . This range of oc encompassed the 
entire experimental range. In addition, shear values were computed 
with oC — o o , which represents the outer limit of the cosine solu­
tion. A cosine variation with an infinite period represents the case of 
flow establishment with a constant piezometric head gradient. The re­
sults of these computations are presented on Fig. 20 . 
The analytical results shown on Fig. 20 are conclusively indica­
tive that a single parameter representation of the velocity profile 
characteristics is inadequate for singular correlation of laminar shear 
for all flow conditions. The analytical shear results are dependent 
upon a second parameter, oc , which is a parameter of temporal flow de­
velopment, in Eq. (3). Thus one may conclude that there is not an unique 
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velocity profile relation for unsteady laminar flow; rather the velocity 
profile shape or the shear at any stage of flow development is dependent 
upon temporal flow history. 
A comparison of the analytical results with the experimental shear 
data indicates that the experimental and analytical shear values are in 
close agreement. However due to experimental scatter the minor effect 
of the various flow histories is not apparent. 
Shear processes in turbulent flow are complicated by the complex 
pattern of motion which varies continuously with time. Nevertheless, 
previous investigation has shown that for steady turbulent flow in smooth 
circular pipes 
r = <j>(v, D , e , u j (21) 
or in dimensionless form 
* o 
(22) 
One may assume that unsteadiness introduces another independent 
variable, the accelerative state of the fluid, dV/dt, or 
r0 = <|>(T, D , E , M . , g- ) (23) 
The assumption, that the effect of unsteadiness is instantaneous, rather 
than historical as in laminar flow, is based upon the inherent diffusing 
action of turbulence. The continuous turbulent diffusion of the fluid 
eliminates any physical concept of a historical effect; hence the effect 
of unsteadiness must be independent of initial and intervening flow 
2 3 
conditions. Thus based upon this assumption, 
The Blasius equation for steady turbulent flow 
+ • Q « 3 1 6 U 
I R 4 
( 2 H ) 
(25) 
was used as a reference for the experimentally determined values of f. 
This was done by utilizing the ratio of the experimental value of f with 
the corresponding steady flow value, f g, a procedure which is possible 
only if the assumption is made that any accelerative effects are mani­
fested only in the constant, that is, the general equation is expressed by 
f = 
and 
C 5 <h 
R 4 
V 2 dt 
( 2 6 ) 
( 2 7 ) 
Based upon the above assumption, at the point of maximum velocity 
or zero acceleration the ratio of f to f must equal unity. The experi-
s 
mental results did not exhibit this property, but had an erratic varia­
tion of within ± This variation is attributed to experimental error 
and approximations used in correcting the mean velocity. To aid in the 
presentation of results the experimental values were corrected by referenc­
ing, for each run, all values of f to the steady flow value, that is, 
D dV 
^2 dt s 0 
= 1 ( 2 8 ) 
2h 
The results shown in Fig. 21 show a definite variation of f with 
a variation in the acceleration parameter -2 ~ • Although the scatter 
V 2 dt 
of the data and limited range of values prevent quantitative conclusions, 
the consistent variation of f indicates the qualitative effect of un­
steadiness • 
CONCLUSIONS 
The following conclusions may be drawn from this unsteady shear 
investigation: 
(1) The one-dimensional solution of the Navier-Stokes equations 
is an excellent investigative approach for determining the 
flow characteristics of unsteady laminar flow in a pipe. 
The determination of the mean velocity as a function of 
time involved the incorporation of the experimentally 
determined laminar piezometric head gradient into the 
Navier-Stokes equations. The laminar velocity distribution 
characteristics as a function of time were then determined 
from the solution of the Navier-Stokes equations. With the 
laminar velocity distribution characteristics determined in 
this manner, the mean velocity of the flow could be determined 
from the photographic record of the jet. The one-dimensional 
equation of pipe flow was then utilized in order to determine 
the boundary shear stress. This entire procedure was entirely 
satisfactory. 
(2) The experimental method could be simplified during the time 
that a laminar flow region existed in the pipe. The mean 
25 
velocity of the flow as a function of time could be determined 
from the solution of the Navier-Stokes equations in which the 
experimentally determined laminar piezometric head gradient 
was utilized. In this manner, the need of jet photography 
would be eliminated. However this simplified scheme is 
dependent upon the presence of a laminar flow region during 
the time of interest; whereas, the method utilizing jet 
photography is applicable even though the flow were turbulent 
throughout the pipe. 
(3) A single parameter representation of velocity profile charac­
teristics is inadequate for singular correlation of laminar 
shear for all flow conditions. Thus there is no unique 
velocity profile relation for unsteady laminar flow. Laminar 
shear at any stage of flow development is dependent upon 
initial conditions and intervening flow conditions. 
(k) The experimental turbulent shear data are indicative of a 
qualitative effect of unsteadiness on turbulent shear. An 
increase in f is observed with fluid deceleration and a 
corresponding decrease is observed with fluid acceleration. 
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FIGURES 
Figure 1 . Schematic Drawing of Equipment. 
Figure 2. Pressure-time Curves of Runs 29 and 29a. ro co 
2 9 
(c) T = 0.511 SEC. (f) T = 1.953 SEC. 
Figure 3. Selected Film Strip Data of Run 29. 
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Figure 4 . Observed Velocity-time Data of Run 29. 

Figure 6. Temporal Variat ion of Mean V e l o c i t y and Linear Momentum Coef f i c i en t 
of Run 29 . 
Figure 7. Temporal Variation of Mean Velocity and Linear Momentum Coefficient 











Figure 17. Temporal Variation of Piezometric Head Gradient for Run 29. _̂ 
oo 
Figure 18. Temporal Variation of Dimensionless Fluid Acceleration for Run 29 
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Figure 19. Experimentally Determined Laminar Shear Results. 






Figure 2 0 . Mathematically Determined Laminar Shear Results from the 
Solution of the Navier-Stokes Equations. 














Figure 21. Experimentally Determined Turbulent Shear Results. 
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* ( H A 0 ) V d(v/ v/2 gh (;) f s d ( t / g h o / L j R 
0 
0.3 0.00257 0.185 o.55 0.0156 0.080 
o.U 0.00250 O.236 0.U9 0.0121 0.091 0.5 0.00236 0.282 0.U2 0.0100 0.101 0.6 0.00212 0.32U 0.3U 0.007U8 0.112 0.7 O OOI76 0.355 0.2U 0.00690 0.122 
0.8 0.00125 0.372 0.12 0.00580 0.133 
0.9 O OOO76 0.379 o.ou 0.00U2U 0.1U3 1.0 0.000U0 0.379 - 0.02 0.00327 0.15U 1.1 0.00019 0.376 - 0.06 0.00289 0.165 0.2 0.00261 0.125 0.60 0.0238 0.062 0.3 0.00258 0.183 o.55 0.0159 0.069 o.U 0.002U6 0.235 0.U9 0.0116 0.078 0.5 0.00226 0.281 0.U3 0.00836 0.086 0.6 0.00197 0.321 0.37 0.00573 0.095 
0.7 0.00153 0.353 0.28 0.00395 0.105 
0.8 0.00105 0.375 0.1U 0.00378 0.11U 
0.9 0.00065 0.381 0.00 0.00UU8 0.12U 1.0 0.0003U 0.377 - 0.06 0.0039U 0.13k 1.1 0.00011 O.368 - 0.09 0.00331 0.1U3 0.2 0.00261 0.128 0.62 0.019U 0.057 0.3 0.00255 0.186 0.56 0.013U 0.06U 
o.U 0.002U2 0.2U0 0.50 . 00967 0.072 0.5 0.00218 0.287 0.U3 0.00708 0.080 
0.6 0.00181 O.327 0.35 0.00U76 0.088 0.7 0.00136 0.355 0.2U 0.0037U 0.097 
0.8 O.OOO86 0.375 0.12 0.00293 0.106 
0.9 0.000U9 0.382 0.01 0.00308 0.11U 1.0 0.00023 0.379 - o.ou 0.0026U 0.122 1.1 0.00008 0.37U - 0.07 0.002U2 9 0.2 0.00262 0.127 0.61 0.0219 0.061 
0.3 0.0025U 0.185 0.56 0.0129 O.O 7 o.U 0.00239 0.238 0.U9 0.0100 0.07U 0.5 0.00210 0.287 0.U1 0.00707 0.080 0.6 0.00167 0.325 0.30 0.00529 0.086 0.7 0.00122 0.350 0.19 0.00U18 0.093 
0.8 0.00085 0.36U 0.11 0.0033U 0.100 
0.9 0.00053 0.371 o.ou 0.00276 0.106 1.0 0.00028 0.372 - 0.02 0.0025U 0.113 
(continued) 
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TABLE I (continued) 
TABULATED EXPERIMENTAL RESULTS OF LAMINAR SHEAR 
W h 0 ) v d ( V / / 2 ^ ) S : 
Run No. t V g r / L - i , ,° , ~ — , ,. / f — 
V* </ b(x/D) / 2 i h ^ d ( t / g I T / L ) 
r. 
0.2 0.00262 0.133 
0.3 0.00255 0.190 
O.U 0.00239 0.2U1 
0.5 0.00210 0.285 
0.6 0.00162 0.321 
0.7 0.00112 0.3U5 
0.8 0.00077 0.356 
0.3 0.00206 0.182 
o.U 0.00197 0.231 
0 .5 0.00182 0.275 
0.6 0.00163 0.313 
0.7 0.00139 0.3U3 
0.8 0.00110 O.366 
0 .9 0.00079 0.379 
1.0 0.00051 0.382 
1.1 0.00027 0.382 
1.2 0.00007 0.375 
1.3 - 0.00008 0.363 
l .U - 0.00019 0.3U9 
1.5 - 0.00022 0..33U 
0.2 0.00208 0.130 
0.3 0.0020U 0.190 
o.U 0.00192 0.238 
o.5 0.00171 0.279 
0.6 O.OOU4O 0.315 
0.7 0.00099 O.3I4I 
0.8 0.00065 0.3U9 
0.9 o.ooouo 0.353 
1.0 0.00021 0.3U9 
1.1 0.00010 0.3U3 
1.2 o.oooou 0.335 
0.2 0.00208 0.129 
0.3 0.00200 0.181 
o.U 0.0018U 0.235 
0.5 0.00159 0.281 
0.6 0.0012U 0.316 
0.7 0,00087 0.339 
0.8 0.00050 0.352 
0.61 0.019U 0.051 
0.55 0.011U 0.057 
0.U9 0.00983 0.06U 
o. ia 0.00716 0.071 
0 .30 0.001486 0 .079 
0 .16 0.00UU5 0.087 
0.07 0.00U05 0.095 
o.5U 0.0136 0.085 
0.U7 0.0107 0.097 
O .U l 0.00790 0.108 
0.3U 0.00633 0.118 
0 .26 0.00517 0 .128 
0.17 0.00UU1 0.138 
0.10 0.003U0 0.11*9 
0.02 0.00308 0 .160 
- 0.0U 0.00267 0.172 
- 0 .09 0.002U3 0.18U 
- 0.12 0.00212 0.197 
- 0.1U 0.00188 0.211 
- 0.15 0.00205 0 .226 
0.61 0.0153 0.063 
0.55 0.0111 O .072 
0.U8 0.00860 0.082 
0 .38 0.007UU 0.091 
0.28 0.00566 0.100 
0.17 0.00U1U 0.110 
0.07 0.00361 0.120 
0.00 0.00320 0.131 
- 0.0U 0.00270 O . H | l 
- 0.07 0.00263 0.153 
- 0 .09 0.00277 0.167 
0 .61 0.0153 0 .060 
0.55 0 .0109 O.O67 
0.U8 0.007U6 0.075 
0.U0 0.00506 0.083 
0 .30 0.00350 0.091 
0.17 0.00313 0.100 
0.06 0.00258 0 .109 
(continued) 
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TABLE I (contLniKd) 
TABULATED EXPERIMENTAL RESULTS OF LAMINAR SHEAR 
Run N o . tyiiTA W i d ( t / i F / L ) 
0.9 0.00031 0.353 - 0.02 0.00296 0.119 
1.0 0.00019 0.350 - 0.06 0.0030U 0.130 
1.1 0.00008 0.3U1 - 0.08 0.00276 0.1U2 
1.2 0.00000 0.333 - 0.09 0.002U6 0.155 
0.2 0.00207 0.128 0.61 0.0156 0.056 
0.3 0.00200 0.185 o.55 0.0106 0.065 
o.U 0.00187 0.237 0.U7 0.008U0 0.073 
o.5 0.00161 0.282 0.38 0.00607 0.082 
0.6 0.0012U 0.31U 0.28 0.00U08 0.090 
0.7 0.00090 0.338 0.18 0.00316 0.099 
0.8 0.00062 0.351 0.08 0.00309 0.107 
0.9 0.00039 0.355 0.00 0.00309 0.115 
1.0 0.00022 0.353 - 0.03 0.00250 0.123 
1.1 0.00010 0.3U9 - 0.06 0.00230 0.133 
1.2 0.00005 0.3U2 - 0.08 0.002U8 0.200 
0.2 0.00209 0.131 0.6U 0.0106 0.053 
0.3 0.00203 0.187 0.57 0.009U 0.062 
o.U 0.00189 0.237 0.U9 0.0077 0.069 
0.5 0.00158 0.282 0.38 0.0057 0.076 
0.6 o.oonu 0.311* 0.25 0.00U0 0.08U 
0.7 0.00075 0.331 0.13 0.0033 0.092 
0.8 0.000U6 0.338 o.ou 0.0030 0.099 0.9 0.00027 0.339 - 0.01 0.0026 0.107 
1.0 0.00013 0.337 - o.ou 0.0022 0.11U 
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TABLE II 




/2iiT d(t/gĥ /L) 
20 0.8 0.00345 0.9 0.00337 0.97 0.00328 1.0 0.00324 1.1 0.00305 1.2 0.00281 1.3 0.00262 1.4 0.00248 
1.5 0.00239 





1.3 0.00255 1.4 0.0021+0 22 0.8 0.00333 0.9 0.00326 0.91 0.0032U 
1.0 0.00311 
1.1 0.00293 
1.2 0.00275 1.3 0.00256 1.4 0.00237 23 0.8 0.00309 0.9 0.00303 0.96 0.00297 1.0 0.00292 1.1 0.00276 1.2 0.00260 1.3 0.0021+6 1.4 0.00235 2h 0.7 0.00302 0.8 0.00289 0.9 0.00274 1.0 0.00257 1.1 0.00245 1.2 0.00235 25 0.8 0.00366 9 510 42
0.372 0.118 0.0218 0.379 O.O4O 0.0224 0.380 0.000 0.0228 0.379 — 0.017 0.0229 0.376 — 0.060 0.0232 O.368 - 0.090 0.0233 0.357 — 0.115 O.O24O 0.345 - 0.130 0.0249 0.332 — 0.138 0.0264 0.375 0.135 0.0197 0.381 0.000 0.0217 0.376 — 0.06U 0.0230 0.369 — 0.088 0.0235 O.36O — 0.105 0.0239 0.348 — 0.123 0.0249 0.335 - 0.1U0 0.0261 0.374 0.120 0.0206 0.382 0.010 0.0221 0.382 0.000 0.0222 0.378 - 0.0U5 0.0229 0.374 — 0.070 0.0228 O.366 
-
0.091 0,0231 0.355 — 0.112 0.0237 0.3U3 - 0.130 0.0242 0.364 0.110 0.0203 0.372 0.038 0.0209 0.373 0.000 0.0214 0.372 - 0.021 0.0217 0.367 — 0.060 0.0221 O.36O 0.075 0.0222 0.352 — 0.078 0.0222 0.345 — 0.080 0.0223 0.3U5 0.165 0.0203 0.356 0.070 0,0207 . S9 0.000 0.0212 - 0.050 0.0217 O.3U8 - 0.090 0.0230 0.337 — 0.120 O.O246 O.364 0.175 0.0238 0.378 0.097 0.0229 0.382 0.020 0.0230 
(continued) 
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TABLE I I (cont inued) 
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V ^ H 0 
d(v/ v/2 g h o ; 
d t t / g h o / L ) 
f 
25 1.03 0.00337 0.383 0.000 0.0229 
1.1 0.00323 0.382 - 0.01*2 0.0230 
1.2 0.00309 0.375 - 0.088 0.0232 
1.3 0.00278 0.363 - 0.118 0.0237 
l .U 0.00256 0.350 - 0.139 0.021*1 
1.5 0.00237 0.335 - 0.151 0.0252 
1.6 0.00221 0.320 - 0.160 0.0261* 
1.7 0.00206 O.30I* - 0.163 0.0277 
1.8 0.00191* 0.287 - 0.165 0.0296 
26 0.8 0.00300 0.350 0.071 0.0227 
0.9 0.00281* 0.3S3 0.000 0.0227 
1.0 O.OO269 0.3k9 - 0.01*0 0.0230 
1.1 0.00253 0.3h3 - 0.068 0.0231 
1.2 0.00237 0.335 - 0.088 0.0235 
1.3 0.00222 0.325 - 0.101 0.0238 
1.1* 0.00207 0.315 - 0.110 0.021*2 
1.5 0.00191 O.303 - 0.116 0.021*6 
27 0.7 0.00296 0.31*0 0.170 0.0211 
0.8 0.00288 0.351 0.063 0.0219 
0.87 0.00282 0.353 0.000 0.0226 
0.9 0.00279 0.352 - 0.018 0.0229 
1.0 O.OO269 0.31*9 - 0.058 0.0231* 
1.1 0.00256 o.3l*l - O.O76 0.021*1 
1.2 0.0021*1 0.331* - 0.088 0.0238 
1.3 0.00225 0.325 - 0.096 0.021*0 
1.1* 0.00207 0.315 - 0.100 0.0239 
28 
1.5 0.00187 0.301* - 0.103 0.0237 
0.8 0.00305 0.352 0.085 0.0226 
0.9 0.00285 0.355 0.000 0.0226 
1.0 0.00267 0.353 - 0.032 0.0222 
1.1 0.00250 o.3l*9 - 0.0^6 0.0219 
1.2 0.00235 0.31*3 - 0.080 0.0219 
1.3 0.00221 0.331* - 0.100 0.022U 
1.1* 0.00208 0.323 - 0.118 0.0231* 
1.5 0.00196 0.310 - 0.132 0.021*5 29 0.7 0.00261 0.332 0.127 0.0203 
0.8 0.00251* 0.338 0.039 0.0212 
0.87 0.0021*8 0.31*0 0.000 0.0211* 
0.9 0.0021*5 0.339 - 0.013 0.0217 
1.0 0.00231* 0.337 - 0.01*2 0.0217 
1.1 0.00222 0.332 - O.O67 0.0220 
1.2 0.00209 0.321* - 0.088 0.0221* 
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Figure 1A. Pressure-time Data of Run 29-. 
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Figure 7A. Pressure-time Data of Run 23. 
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Figure 12A. Pressure-time Data of Run 18. 
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Figure 14A. Pressure-time Data of Run 16a. 
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Figure 16A. Pressure-time Data of Run 13. 
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Figure ISA. Pressure-time Data of Run 11. 
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Figure 2QA. Fressure-time Data of Run 10. 
